Introduction.
A permutation group is quasiregular if it acts regularly on each of its orbits (i.e. the stabiliser of an element fixes every other element in its orbit). So, in particular, any permutation representation of an abelian or hamiltonian group must be quasiregular.
If P is a finite projective plane of order n with a quasiregular collineation group G then, since G must act faithfully on at least one orbit [2, p. 181] , \G\^n 2 +n + l. In [3] quasiregular collineation groups G with | G \ > %(n 2 +n+1) were studied and the following theorem was proved. THEOREM 
Let G be a quasiregular collineation group of a projective plane P of order n.
Denote by t the number of point {or line; see [6, p. 257 
t = n + 2 and F is either a line with all its incident points or its dual. (d) | G | = n 2 -1, t = 3 and F is a non-incident point-line pair.
(e) \G\ = n 2 -y/n,t = 2andF=(f>. (f) | G | = n(n-1), t = 5 and F consists of two points, the line joining them and a second line through one of the points.
(g) | G | = («-I) 2 , t = 7 and F consists of the vertices and sides of a triangle.
(h) | G | = ( n Examples of quasiregular groups of each type are known in finite desarguesian planes. However the only known cases of type (e) or type (h) occur when n = 4 and it is possible that there are no others. Certainly if there are other examples then the groups must act on non-desarguesian planes; in fact the planes must be new as it is easy to check that no known plane with n ^ 4 can admit a group of type (e) or (h).
In this note we discuss planes that admit quasiregular groups of type (e) and show that such planes of order q 2 exist if and only if there is a group G of order q^-q with a relative difference set with respect to a normal subgroup H of order q 2 -q. This is a natural analogue to the theorem that says that a plane P admits a group G of type (a) (i.e. a Singer group) if and only if G has a difference set.
For the standard definitions and basic results on projective planes see [6] .
DIFFERENCE SETS AND PROTECTIVE PLANES
exist exactly A pairs s u s 2 in 5 with g = s^1 and exactly A pairs s 3 , J 4 in 5 with g = s$ i s A . If | G | = w?n, | 771 = n and 1S| = k, then we say that 5 has parameters (m, n, k, A). Thus a Adifference set is a special case of a relative A-difference set with H=\, i.e. one with parameters (m, 1, k, A) (see [1] or [5] 
e G\H. But, since H is normal in G, there exists an element h' in H with s t h = h's t and thus h' = s t hs^1 is in G\H. This contradiction shows that LnH = <j> and proves that (b) implies (c).
Similarly (c) implies (b) and the lemma is established. LEMMA 
Let S be a relative difference set for a finite group G with respect to a normal subgroup H and let a. be a homomorphism from G on to K^ G/H with kernel H. Then (a) for any g in G, Sg (gS) is a relative difference set for G with respect to H. (b) S " 1 = {s -i | j in S} is a relative difference set for G with respect to H. (c) S* is a X-difference set of K with X = \H\.
Proof, (a) If g t is any element of G\H, then there exist unique s u s 2 in S with g i = s^f 1 Proof. Since G is regular on the orbit of X, the points X and Xg are distinct. As X is not in P o , there is a unique line x of P o such that X is on x (see [6, p. 82] ). This line x is also the only line through X which is not in the orbit of /. Since g is not in H, xg ^ x and consequently Xg is not on x. Thus the line joining X to Xg is la for some a in G\H. But now Xa~l and XgaT 1 are both on / so that a~v =s 2 and ga~l =s 1 are in 5; solving gives g = s^1.
Conversely 4 . This shows that S is a relative difference set of G with respect to H and simple counting now gives its parameters.
The converse of Lemma 4.

THEOREM 2. Let G be a finite group of order q*-q with a relative difference set S with respect to a normal subgroup H of order q 2 -q. Then there is a unique (up to isomorphism) projective plane P admitting G as a quasiregular collineation group of type (e) with relative difference set S.
Proof. Let A" be a group isomorphic to GjH, let a be a homomorphism from G on to K with kernel H and let t be any element of K\S". We now use the elements of G and K to construct P. For each g in G and k in K let (g) and (k) be points of P. For any kinK let the line [k] be the point set Dk<u {g in G | #" = A:} and for any g in G define the line [#] to be the point set SgKj{tg'}. Clearly P has q*+q 2 + l points and lines and each line of P contains exactly q 2 + l points. Thus in order to show that P is a projective plane it is sufficient to show that any two distinct points are on a unique common line [6, p. 86] . There are three cases to consider; (i) (fci) and (k 2 ), (ii) (g t ) and (g 2 ), (iii) (gj and (A^). Thus we have shown that P is a finite projective plane of order q 2 . K^j s G , then the mapping 9 9l given by (#) 8 "i = (ggj and (A:)" 9 ' = (A:^) is a collineation of G and it is easily seen that the group of all such 6 g is isomorphic to G and is a quasiregular collineation group of type (e). If we choose ^ = (1) and / = [1] , then the relative difference set for the collineation group with these base elements is
Case (/)
Now suppose that P x and P 2 are two planes admitting G as a quasiregular collineation group of type (e) with relative difference set 5. Let X h l ( (i= 1, 2) be the base elements of G acting on /*,-and let /•/ be the Baer subplane of P t consisting of the non-faithful orbits of G.
If 0 is the mapping given by (X l g)d = X 2 g and (1^)6 = l 2 g for all geG then 6 is a oneto-one mapping from the points and lines of P^Pl on to the points and lines of P 2 \P' 2 . But X^g is on / t A if and only if gh' 1 eS which is also the condition for X z g to be on l 2 h. Thus 0 is an isomorphism between the incidence structures consisting of the points and lines of P X \P[ and P 2 \P' 2 . Since P\P' t uniquely determines P it the theorem is proved. It would be very interesting to find examples of planes with groups of type (e), as there are only two known families of planes (desarguesian and Hughes planes) for which the full collineation group fixes no point or line. The simplest groups to consider are the cyclic or, slightly more generally, the abelian ones. (The cyclic case is considered in [4] .) If any relative difference sets exist then these results show how to construct them. Namely, choose a difference set for K, take its complement and then consider subsets of G which consist of one element from each preimage of this complement under all homomorphisms from G on to K with kernel H.
As a simple illustration, we consider the case q = 2 where, of course, we know an example exists. Here we write the groups additively, take G = Z 1 4 , K = Z 7 and consider the natural homomorphism. In this case the preimage of any keK is {k,k+7}.
Thus we must find a u a 2 , a 3 , a 4 such that the twelve differences formed from {2+a^, 4+a 2 7, 5+a 3 7, 6+o 4 7} (where a t = 0 or 1, i = 1, 2, 3,4) take all possible values modulo 14 except 0 or 7. Straightforward checking of all possibilities give {2, 4, 12, 13} and {5, 6, 9, 11} as the only solutions. In view of the results in [4] it seems likely that q = 2 is the only value for which such planes exist.
